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. In this experiment, first sound mode was observed but second sound mode was not observed. In principle, one should be able to probe two-fluid hydrodynamic sound modes using this technique.
In the present paper, we discuss sound pulse propagation in a strongly interacting Fermi gas in the two-fluid hydrodynamic regime. In Ref. [6] , the first and second sound velocities in the BCS-BEC crossover for a uniform gas was estimated theoretically. Reference [6] also argued that both sound modes can be excited and detected both as density and thermal waves, but the quantitative results were not presented. Reference [9] calculated the two-fluid density response spectrum in a uniform superfluid gas of Fermi atoms in the unitary limit, and showed that second sound is only weakly coupled into density response [9] . At first sight, this result seems to imply that the second sound cannot be excited by a density perturbation. In fact, it would not show up in Bragg scattering. However, we will show that second sound can be still observed by a sudden modification of the external potential generating pulse propagation. In this paper, we use Landau's two-fluid hydrodynamic equations to study pulse propagation in a unitary Fermi gas.
In Sec. II, we discuss the linear response solutions of the Landau's two-fluid hydrodynamic equations for uniform superfluid gases. We show that sound pulse propagation is described in terms of the density response function.
The amplitudes of the first and second sound pulses are explicitly expressed in terms of the weights in the density response spectrum. In Sec. III, we use the Nozières and Schmitt-Rink (NSR) theory to calculate thermodynamic quantities, which are needed as inputs in our solutions of the two fluid equations. These results are used to calculate the temperature dependence of velocity and pulse amplitude of the second sound mode in Sec. IV. We find that second sound has an appreciable weight in the propagation of density pulses. For composition, in Sec. V, we calculate the temperature dependence of velocity and amplitude of the second sound pulse in the BEC limit using Hatrree-FockBogoliubov-Popov (HFB-Popov) approximation.
II. LINEAR RESPONSE SOLUTION OF LANDAU'S TWO-FLUID EQUATIONS
In this section, we present a solution of Landau's two fluid hydrodynamic equation in the presence of external perturbation within the liner response theory. We review normal mode solutions. The Landau two-fluid hydrodynamic equations in a uniform superfluid are given by [17, 18] 
The total mass current
is given in terms of the superfluid and normal fluid velocities v s and v n , as well as the superfluid and normal fluid densities, ρ s and ρ n . The sum of the superfluid and normal fluid densities gives the total mass density, mn = ρ = ρ s + ρ n . The continuity equation in Eq. (2) expresses mass conservation and is always valid. Equation (3) assumes that the entropy of the fluid is carried by the normal fluid and is conserved. These equations describe reversible flow without any dissipation arising from transport coefficients [17, 18] . We now consider the linearized Landau equations for a uniform superfluid. The linearized continuity and entropy conservation equations given by Eqs. (2) and (3) are
Taking time derivative of Eqs. (6) and (7), and combining them with Eqs.
(1) and (4) (in linearized forms) in conjunction with the thermodynamic identity n 0 µ = S 0 δT + δP , we arrive at a closed set of equations in terms of the variables δρ and δs. Inserting the normal mode plane-wave solution δρ, δs ∝ e i(q·r−ωt) , one finds ω 2 = u 2 q 2 , where u is given by
The thermodynamic quantities entering are the adiabatic sound speed squared C 
Cv
. The latter also acts as a coupling or mixing term. The difference between the adiabatic and isothermal sound speed squared can also be expressed as C We now consider the two-fluid hydrodynamics in the presence of an external time-dependent potential δU (r, t). In this case, the equations for j and v s become
Within the linear response theory, the general solution for the density fluctuation δn can be written in terms of the density-density response function as
where δU (q, ω) = dr dtδU (r, t)e −iq·r+iωt is the Fourier transform of the external potential. The density response function for a uniform superfluid described by the Landau's two-fluid equation is given by [18] 
where a new velocity v is defined by
The two-fluid density response function in (12) was first derived for superfluid 4 He by Ginzburg [19] and Hohenberg and Martin [20] . It was first applied to weakly interacting superfluid Bose gases by Gay and Griffin [21] . In the case of the sound propagation experiment [2] [3] [4] , a localized potential is applied at t > 0, while it is turned off at t = 0. This situation can be described as
Here we assume that the external potential is uniform in the xy direction and is localized at z ≃ 0. In this case, the density fluctuations at (t > 0) is given by
where χ ′′ nn (q, ω) = Imχ nn (q, ω + iη). More explicitly, it is written as
where
Using Eqs. (16) and (19) in (15), we obtain
The expression Eq. (18) describes propagation of sound pluses with the speeds u 1 and u 2 with the amplitudes W 1 and W 2 . We note that the above general result applies to dissipationless dynamics of all superfluid in the collisional hydrodynamics regime. However, details are quite different for different systems. For example, in superfluid 4 He, we have u 2 ≃ v and hence Z 2 ≃ 0. In this case only first sound can be excited by the density perturbation. In contrast, second sound can have an appreciable weight in the density response function in superfluid Bose gases at finite temperatures. The main purpose of the present paper is to show that the second sound can be excited by the density perturbation of the form (14) in a superfluid Fermi gas at unitarity.
The density response spectrum χ ′′ nn (q, ω) in a superfluid Fermi gas at unitarity was calculated in Ref. [9] . The result of Ref. [9] showed that the weight of first sound is everywhere much larger than second sound. Second sound is only weakly coupled into the density response function (Z 2 ≃ 0.05 is the maximum at T ≃ 0.9T c ). However, as shown in Eq. (19), the pulse amplitude W i involves an extra factor (1/u 2 i ) which arises due to the pulse perturbation of the form (14) . Since in general u 2 < u 1 , the second sound pulse amplitude W 2 is relatively amplified, and can be much larger than the weight in χ ′′ (q, ω). In the following sections, we explicitly calculate u 1 , u 2 , and v for a superfluid Fermi gas using the microscopic theory.
III. THERMODYNAMIC FUNCTIONS
The explicit calculation of the weights W 1 and W 2 in (19) requires thermodynamics quantities, such as ρ s0 , ρ n0 , (∂P/∂ρ) T ,s, and so on. In this section, we discuss the approximations used to evaluate these quantities. The calculation is based on the Leggett mean-field BCS model of the BCS-BEC crossover, extended to include the effects of pairing fluctuations associated with the dynamics of the bound states using the approach of Nozières and Schmitt-Rink (NSR) [22] [23] [24] . The NSR approximation has also been used to calculate the thermodynamic properties in the BCS-BEC crossover at both T =0 and finite temperatures [22, 25] . In the NSR theory, the superfluid order parameter ∆ and chemical potential µ are determined from the coupled equations [7] .
where the single-particle quasiparticle energies are given by
. The two-body s-wave scattering length is denoted as a s , and ν n is the bosonic Matsubara frequency. The second term in Eq. (21) describes contribution from bosonic collective pair fluctuations [7] , where the expression for Ξ is given by in Appendix A. The key function of interest in this paper is the thermodynamic potential, defined by
All thermodynamic quantities of interest can be calculated once Ω is given. For example, we can then calculate pressure by using the relation P = − Ω V first. We can obtain pressure terms (∂P/∂ρ) T using numerical differentiation. We use the relation C The superfluid density ρ s can also be obtained from the thermodynamic potential [22, 25] . The normal fluid density ρ n associated with fermionic and bosonic degrees of freedom is given by the sum of their contributions:
Here, f FD (E) = 1/(e βE + 1) is the Fermi-Dirac distribution function, η(q, iν n ) = det [1 + U Ξ(q, iν n )], U = 4πa m , and a supercurrent flows in the z direction with the superfluid velocity is v s = Q z /2m. We can obtain the superfluid density ρ s from the relation ρ s = ρ − ρ n . Now we present numerical results for the superfluid density ρ s , starting from the expression for ρ n given in Eq. (24).
Our calculation procedure closely follows that summarized in Refs. [7] . Fig. 1 shows the calculated superfluid density ρ s at unitarity a s → ∞. The NSR theory does have a problem near T c near unitarity and on the BEC side of the crossover as a result of only considering Gaussian fluctuations. However, we consider it the best available theory for the thermodynamic variables at finite temperatures in the BCS-BEC crossover at the present time.
IV. SOUND PROPAGATION
Using the thermodynamic quantities calculated in the previous section, we discuss first and second sound propagation. Since we are interested in the unitary limit, we set 1/a s = 0. In Fig. 2 , we plot the sound velocities in a uniform Fermi gas at unitarity as a function of temperature. Near the critical temperature, the second sound velocity approaches zero. The second sound velocity has a broad maximum around T ∼ 0.9T c . The NSR-type theories developed in Refs. [7, 22, 25, 26] only includes the contributions from the BCS Fermi excitations plus the bosonic pairing fluctuations. This leads a problem to calculate the velocity of second sound near T c .
FIG. 2:
The sound velocities in a uniform Fermi gas at unitarity as a function of temperature. v f =hk f /m. k f is Fermi wave number In Fig. 3 , we plot the temperature dependence of W 1 /(W 1 + W 2 ) and W 2 /(W 1 + W 2 ) obtained by the NSR-type Gaussian fluctuation theory discussed in the previous section. One immediately sees that second sound pulse has an appreciable amplitude. The second sound amplitude decreases at low temperatures and increases with increasing temperature, before decreasing again as T c is approached. The second sound amplitude has a sharp maximum around Figure 4 shows the perturbed density profile at T = 0.6T c for several propagation times. Since u 1 > u 2 , the second sound pulse propagates slower than the first sound pulse. We clearly see that second sound is excited by density perturbations in the superfluid Fermi gas at unitarity. Our results show that both sound modes can be observed by a sudden modification of the external potential using a pulse wave. As discussed in Sec. II, although the weight Z 2 is very small in the unitary Fermi gas, the pulse amplitude W 2 is amplified by a factor of to because of the low velocity of the second sound.
We now briefly discuss the effect of changing the scattering length. In Fig. 5 , we plot W 2 /(W 1 + W 2 ) as a function of 1/k f a with fixing the temperature as T /T c = 0.6, where T c is the superfluid transition temperature at a given 1/k f a. We see that second sound pulse has an appreciable weight over a finite range in the crossover region. The second sound amplitude has a broad maximum around 1 k f a ≃ 0. 
V. THE FIRST AND SECOND SOUND IN THE BEC LIMIT
In this section, for comparison we consider the first and second sound in the BEC limit. In the BEC limit, the system consists of bosonic molecules with mass M = 2m with the total number N B = N/2. The s-wave scattering length between molecule a B is given in terms of the atomic scattering length a s as a B ≃ 0.62a s [27] . In this section, for simplicity we calculate the thermodynamic quantities and sound velocities of a dilute Bose gas within the framework of Hatrree-Fock-Bogoliubov-Popov (HFB-Popov) approximation [28] . This means that we assume an extreme BEC limit. Solving the Gross-Pitaevskii equation and the Bogoliubov equations, within HFB-Popov approximation, we can calculate the condensate density n 0 and the noncondensate densityñ as
where f BE (E) = 1 exp(βE)−1 is the Bose-Einstein distribution function and
Equations (25) and (26) must be calculated self-consistently. The normal fluid density is given by n n =
and superfluid density is given by n s = n 0 − n n . In Fig. 6 , we plot the temperature dependence of the superfluid density n s . For comparison, we also plot n s in the unitary limit.
The thermodynamic functions can be calculated from the thermodynamic potential P = − Ω V , where
In Fig. 7 , we plot the first and sound velocities as a function of temperature obtained from self-consistent calculation of Eqs. (25) and (26) . The sound velocities are normalized by the "Fermi velocity" defined in terms of the density and mass of bosons, i.e. v f = (6π 2 n B ) 1/3 /2M . We fixed the parameters as g B n B /k B T c = 0.807 where
is the BEC transition temperature. The qualitatively similar results are obtained in Ref. [21, 29] , within the HartreeFock approximation. In Fig. 8 , we plot the temperature dependence of W 1 and W 2 . When compared with Fig. 3 , the qualitative behaviors of W 1 and W 2 in the BEC limit are quite different from those in the unitary limit, i.e.
. This is mainly due to the difference of the temperature dependence in the superfluid density, as shown in Fig. 6 . From Eq. (19), we see that the ratio W 1 /W 2 is determined by v 2 , which is proportional to ρ s0 /ρ n0 .
VI. CONCLUSION
In this paper, we have discussed the propagations of the first and second sound pulses in a Fermi superfluid at unitarity. The pulse propagations are discussed in terms of the density response function obtained from Landau's twofluid equations. In order to obtain all the thermodynamic quantities required for calculating the sound velocities and their amplitudes of the first and second sound pulses, we use the NSR-type Gaussian fluctuation theory. The results for the sound velocities are consistent with Ref. [6, 10] . We calculated the temperature dependence of the amplitudes of the first and second sound mode pulses, and showed that second sound pulse has an appreciable amplitude. Our results show that second sound can be excited by the pulse propagation experiment and should be observed as a separate contribution from first sound. We hope that our results will stimulate further experiment on sound pulse propagation in a strongly Fermi gas in the two-fluid hydrodynamic regime.
For composition, we also calculated the temperature dependence of velocity and amplitudes of second sound pulse in the BEC limit. We showed that the qualitative behaviors of W 1 and W 2 in the BEC limit are quite different from those in the unitary limit. This different is mainly due to the difference of the temperature dependence in the superfluid density.
Our work is based on a NSR-type Gaussian fluctuation theory [7, 22, 25, 26] . The NSR theory does have a problem near T c near unitarity and on the BEC side of the crossover as a result of only considering Gaussian fluctuations. A more sophisticated theory will be required to obtain the results valid near T c .
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